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FUNDAMENTAL DOMAINS IN THE EINSTEIN
UNIVERSE
VIRGINIE CHARETTE, DOMINIK FRANCOEUR,
AND ROSEMONDE LAREAU-DUSSAULT
Abstract. We will discuss fundamental domains for actions of
discrete groups on the 3-dimensional Einstein Universe. These
will be bounded by crooked surfaces, which are conformal com-
pactifications of surfaces that arise in the construction of Margulis
spacetimes. We will show that there exist pairwise disjoint crooked
surfaces in the 3-dimensional Einstein Universe. As an application,
we can construct explicit examples of groups acting properly on an
open subset of that space.
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1. Introduction
This paper describes fundamental polyhedra for actions on the 3-
dimensional Einstein Universe, bounded by crooked surfaces. The Ein-
stein Universe is a Lorentzian manifold, in fact it is the conformal
compactification of Minkowski spacetime. As such, it enjoys a wealth
of geometric properties. A rich diversity of groups act on the Einstein
Universe, displaying a wide range of dynamic behavior.
Our interest in the Einstein Universe arises from proper actions of
free groups on Minkowski spacetime. This story starts with Margulis,
who constructed examples of proper actions on affine 3-space by free
non-abelian groups [12, 13]. Such groups preserve an inner product of
signature (2,1) on the underlying vector space of directions. Thus a
quotient of affine space by such an action is endowed with a Lorentzian
metric, motivating us to call it a Margulis spacetime.
Next, Drumm constructed fundamental domains for these actions,
bounded by crooked planes. The geometry of crooked planes has been
extensively studied by Drumm, Goldman and others [4, 5, 2].
Crooked surfaces were introduced by Frances to study conformal
compactifications of Margulis spacetimes [7]. (See also [1].) In current
work, Danciger, Gue´ritaud and Kassel introduce analogous surfaces in
anti de Sitter spacetimes [3]. Goldman establishes a relation between
their new construction and Frances’ crooked surfaces [9].
Some of the earliest work on proper actions on pseudo-Riemannian
manifolds is due to Kulkarni; see for example [10, 11]. Frances has ex-
amined the dynamics of proper group actions on the Einstein Universe.
In particular, he proved the existence of Lorentzian Schottky groups,
that is, groups acting on the Einstein Universe with “ping-pong dy-
namics” [8]. On the other hand, the crooked surfaces considered in [7]
intersect in a point. This led us to ask the question : how can we obtain
disjoint crooked surfaces in the Einstein Universe?
We are able to do this by adapting a strategy, described in [2], based
on Drumm’s original approach. Basically, one can “pull apart” crooked
planes in affine space sharing only a common vertex. The crucial ob-
servation is to see that this pulling apart can also be done at a point on
the conformal compactification of the crooked planes, yielding pairwise
disjoint surfaces. The upshot is that we are able to construct explicit
examples of groups displaying ping-pong dynamics on the Einstein Uni-
verse.
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Section 2 introduces the Einstein Universe of dimension 3, and its
causal structure. Namely, as the conformal compactification of Minkowski
spacetime, it inherits a conformally flat Lorentzian structure. Section 3
discusses crooked surfaces. We first describe them as conformal com-
pactifications of crooked planes and then, propose a “coordinate-free”
description of crooked surfaces based on Einstein tori. We also show
how to obtain disjoint crooked planes; in Section 4, we apply this strat-
egy to get disjoint crooked surfaces. Section 5 relates our construction
to the Lorentzian Schottky groups introduced by Frances. Finally, in
Section 6, we briefly describe an interesting example of disjoint crooked
surfaces, arising from a pair of fundamentally incompatible crooked
planes in Minkowski spacetime.
Acknowledgements. Several people listened to talks about this pa-
per while it was in preparation and offered greatly appreciated sugges-
tions and encouragement. While it would be difficult to mention every-
one, we would particularly like to thank Thierry Barbot, Marc Burger,
Todd Drumm, Charles Frances, Bill Goldman, Alessandra Iozzi and
Anna Wienhard. The first author thanks IHES for its hospitality dur-
ing the initial writing of this paper. We also would like to thank the
anonymous referee for several helpful suggestions and comments.
2. Einstein Universe
The Einstein Universe, Einn, can be defined as the projectivisation
of the lightcone of Rn,2. We will write everything for n = 3, as this is
the focus of the paper.
Let R3,2 denote the vector space R5 endowed with a symmetric bilin-
ear form of signature (3, 2), denoted 〈, 〉. We can choose a basis relative
to which, for x = (x1, x2, x3, x4, x5) and y = (y1, y2, y3, y4, y5) ∈ R5:
〈x, y〉 = x1y1 + x2y2 + x3y3 − x4y4 − x5y5.
Let x⊥ denote the orthogonal hyperplane to x :
x⊥ = {y ∈ R3,2 | 〈x, y〉 = 0}
and N 3,2, the lightcone of R3,2 :
N 3,2 = {x ∈ R3,2 \ 0 | 〈x, x〉 = 0}.
(Note that we do not include the zero vector in the lightcone.)
We obtain the Einstein Universe as the quotient of N 3,2 under the
action of the non-zero reals by scaling :
Ein3 = N 3,2/R∗.
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Denote by pi(v) the image of v ∈ N 3,2 under this projection. Alterna-
tively, we will write :
pi(v1, v2, . . . , vn) = (v1 : v2 : . . . : vn)
when it alleviates notation.
We can express the orientable double-cover of the Einstein Universe,
Êin3, as a quotient as well, this time by the action of the positive reals :
Êin3 = N 3,2/R+.
Any lift of Êin3 to N 3,2 induces a Lorentzian metric on Êin3 by re-
stricting 〈, 〉 to the image of the lift. For instance, the intersection with
N 3,2 of the sphere of radius 2, centered at 0, consists of vectors x such
that :
x21 + x
2
2 + x
2
3 = 1 = x
2
4 + x
2
5.
It projects bijectively to Êin3, endowing it with the Lorentzian product
metric dg2−dt2, where dg2 is the standard round metric on the 2-sphere
S2, and dt2 is the standard metric on the circle S1.
Thus Ein3 is conformally equivalent to:
S2 × S1/∼, where x ∼ −x.
Here −I factors into the product of two antipodal maps.
Any metric on Êin3 pushes forward to a metric on Ein3. Thus Ein3
inherits a conformal class of Lorentzian metrics from the ambient space-
time R3,2. The group of conformal automorphisms of Ein3 is :
Conf(Ein3) ∼= PO(3, 2) ∼= SO(3, 2).
As SO(3, 2) acts transitively on N 3,2, the group Conf(Ein3) acts tran-
sitively on Ein3.
Slightly abusing notation, we will also denote by pi(p) the image of
p ∈ Êin3 under projection onto Ein3.
The antipodal map being orientation-reversing in the first factor, but
orientation-preserving in the second, Ein3 is non-orientable. However,
it is time-orientable, in the sense that a future-pointing timelike vector
field on R3,2 induces one on Ein3.
2.1. Conformally flat Lorentzian structure on Ein3. Minkowski
spacetime may be embedded in an open dense subset of the Ein-
stein Universe. We shall describe one such embedding in dimension
three. Let R2,1 be the 3-dimensional real vector space endowed with a
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Lorentzian inner product (of signature (2,1)), denoted by ·. Set :
ι : R2,1 −→ Ein3
v 7−→
(
1− v · v
2
: v :
1 + v · v
2
)
.
This is a conformal transformation that maps R2,1 to a neighborhood
of (1 : 0 : 0 : 0 : 1). In fact, setting :
p∞ = (−1 : 0 : 0 : 0 : 1)
then :
ι(R2,1) = Ein3 \L(p∞)
where L(p∞) is the lightcone at p. (See §2.2.) Thus Ein3 is the confor-
mal compactification of R2,1.
Since Conf(Ein3) acts transitively on Ein3, every point of the Ein-
stein Universe admits a neighborhood that is conformally equivalent to
R2,1. In other words, Ein3 is a conformally flat Lorentzian manifold.
Let E2,1 denote the affine space modeled on R2,1, that is, the affine
space whose underlying vector space of translations is endowed with
the Lorentzian inner product above.
By a slight abuse of notation, ι will also denote the map from E2,1
to Ein3 arising from an identification of E2,1 with R2,1. In this paper,
for p ∈ E2,1, we will define ι(p) to be equal to ι(p), where :
(1) p = p− (0, 0, 0).
Thus Ein3 is the conformal compactification of E2,1.
The embedding ι induces a monomorphism from the group of Lorentzian
similarities into the subgroup of SO(3, 2) which fixes p∞. An explicit
expression for this map is given in [1].
2.2. Photons and lightcones. Let us describe the causal structure of
Ein3, namely photons and lightcones. Conformally equivalent Lorentzian
metrics give rise to the same causal structure (see for instance [6]). As
a matter of fact, the non-parametrized lightlike geodesics are the same.
This will mean that anything defined in terms of the causal structure
of a given metric will in fact be well defined in the conformal class of
that metric. We will mostly follow here the terminology adopted in [1].
Recall that, given a vector space V endowed with a non-degenerate,
symmetric bilinear form 〈, 〉, a subspace of W ⊂ V is totally isotropic if
〈, 〉 restricts to an identically zero form on W . In particular, W ⊂ R3,2
is totally isotropic if and only if W \ 0 ⊂ N 3,2.
Definition 2.1. Let W ⊂ R3,2 be a totally isotropic plane. Then
pi(W \ 0) is called a photon.
6 CHARETTE, FRANCOEUR, AND LAREAU-DUSSAULT
Figure 1. A lightcone in the Einstein Universe. The
point at the bottom is glued to the circle at the top,
yielding a pinched torus. (See Remark 2.4.)
A photon is an unparametrized lightlike geodesic of Ein3. The ho-
motopy class of any photon generates the fundamental group of Ein3
(with base point chosen on that photon).
Definition 2.2. Two points p, q ∈ Ein3 are said to be incident if they
lie on a common photon.
Definition 2.3. Let p ∈ Ein3. The lightcone at p, denoted L(p), is the
union of all photons containing p.
In other words, L(p) is the set of all points incident to p. Also :
L(p) = pi (v⊥ ∩N 3,2)
where v ∈ N 3,2 is such that pi(v) = p.
The lightcone L(p) is a bouquet of circles (photons) that is pinched
at p; it is homeomorphic to a pinched torus. Figure 1 shows a lightcone.
Remark 2.4. For the figures in this paper, we identify Ein3 with the
quotient of S2 × S1 by the antipodal map. We remove a copy of S1,
specifically the south pole in each copy of S2, which corresponds to the
negative z-axis in R2,1. Then we cut along a copy of S2 corresponding
to the plane z = 0. This yields a solid cylinder, where the bottom
disk is glued to the top disk in such a way that the former’s center
gets “mapped” to the entire edge of the latter, which is really a point
belonging to the removed copy of S1. See §3.4 for the parametrization
used.
Figure 2 shows two lightcones in Ein3. They can be seen to intersect
in a simple closed curve.
Lemma 2.5. Suppose p, q ∈ Ein3 are not incident. Then L(p) ∩ L(q)
is a simple closed curve.
Proof. Suppose without loss of generality that p = p∞. The intersection
of L(q) with the Minkowski patch Ein3 \L(p) corresponds to a lightcone
FUNDAMENTAL DOMAINS IN THE EINSTEIN UNIVERSE 7
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Figure 2. Two lightcones in the Einstein Universe.
in R2,1. Applying a translation if necessary, we may suppose that
q = ι(0, 0, 0). Then L(p) ∩ L(q) is the so-called circle at infinity:
L(p) ∩ L(q) = {(0 : cos t : sin t : 1 : 0) | t ∈ R}.

Remark 2.6. The proof of Lemma 2.5 shows that L(p)∩L(q) is space-
like, since the tangent vector at any point of the intersection is space-
like. The intersection of two such lightcones is called a spacelike circle.
2.3. Einstein torus. Let v ∈ R3,2 be spacelike. Then the restriction of
〈, 〉 to its orthogonal complement v⊥ is of signature (2, 2). Its lightcone
v⊥∩N 3,2 projects to a torus in Ein3 endowed with a conformal class of
metrics of signature (1, 1). It is the conformal compactification of R1,1.
Definition 2.7. An Einstein torus is the projection pi
(
v⊥ ∩N 3,2),
where v ∈ R3,2 is spacelike.
Certain configurations of four points in Ein3, called torus data, in-
duce Einstein tori as follows. Let :
D = {p1, p2, f1, f2}
where :
• p1, p2 are non-incident;
• f1, f2 ∈ L(p1) ∩ L(p2).
Let v1, v2, x1, x2 ∈ N 3,2 such that :
vi ∈ pi−1(pi)
xi ∈ pi−1(fi).
The restriction of 〈, 〉 endows the subspace of R3,2 spanned by the four
vectors with a non-degenerate scalar product of signature (2, 2). Thus
it is the orthogonal complement of a spacelike vector in R3,2.
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3. Crooked surfaces
A crooked surface is an object in the SO(3, 2)-orbit of the conformal
compactification of a crooked plane. Crooked planes were originally
introduced by Drumm in order to construct fundamental domains for
proper affine actions of free groups on Minkowski spacetime [4]. They
were later generalised by Frances to study the extension of such actions
to Ein3 [7].
We will start with the definition of a crooked plane, since there
is an easily expressed criterion for disjointness of crooked planes in
Minkowski spacetime. We will then return to crooked surfaces and
give a synthetic description of these objects in Ein3.
3.1. Crooked planes. Here is a very brisk introduction to crooked
planes. The reader interested in more details might consult [2, 5].
Recall that E2,1 denotes the three-dimensional affine space modeled
on R2,1. To distinguish between the affine space and the vector space,
we will use o, p to denote points in E2,1 and u, x to denote vectors in R2,1.
Given a vector u ∈ R2,1, we will denote by u⊥ its Lorentz-orthogonal
plane :
u⊥ = {x ∈ R2,1 | u · x = 0}.
If u ∈ R2,1 is spacelike, u⊥ intersects the lightcone in two rays.
Let u−, u+ be a pair of future-pointing null vectors in u⊥ such that
{u, u−, u+} is a positively oriented basis of R2,1.
Remark 3.1. There is in fact a ray of possible choices for u+, as well as
for u−, none of which are more natural than another. We will typically
write x = u± to mean that they are parallel or, more accurately, that
x could be chosen to be u±. (But x must be future-pointing.)
If x ∈ R2,1 is null, then x⊥ is a plane, tangent to the lightcone, and
x⊥ \ Rx consists of two connected components. In particular, for u
spacelike, u lies in one of these two components for both u− and u+.
Definition 3.2. Let x ∈ R2,1 be a future-pointing null vector. Then
the closure of the halfplane :
W(x) = {u ∈ x⊥ | x = u+}
is called a positive linear wing.
Let p ∈ E2,1. A positive wing is a closed halfplane p+ W(x).
Remark 3.3. One obtains a negative wing by choosing the other con-
nected component of x⊥ \Rx. In [2], positive wings are called “wings”
and positive linear wings are called “null halfplanes”, since only posi-
tive objects are considered there.
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Observe that if u ∈ R2,1 is spacelike :
u ∈ W(u+)
−u ∈ W(u−)
W(u+) ∩W(u−) = {0}.
The set of positive linear wings is SO(2, 1)-invariant.
Definition 3.4. Let u ∈ R2,1 be spacelike. Then the following set :
Stem(u) = {x ∈ u⊥ | x · x ≤ 0}
is called a linear stem.
Let p ∈ E2,1. A stem is a set p+ Stem(u).
Observe that Ru+ and Ru− bound Stem(u); the closures of each
linear wing W(u+) and W(u−) respectively intersect the linear stem in
these lines.
Definition 3.5. Let u ∈ R2,1 be spacelike and let p ∈ E2,1. The
positively extended crooked plane with vertex p and director u is the
union of :
• the stem p+ Stem(u);
• the positive wing p+ W(u+);
• the positive wing p+ W(u−).
It is denoted C(p, u).
Figure 3 shows a crooked plane.
Remark 3.6. A negatively extended crooked plane is obtained by re-
placing positive wings with negative wings. We can avoid discussing
negatively extended crooked planes, even though we will make use of
their compactifications in §6. Thus we will simply write “wing” to
mean positive wing and “crooked plane” to mean positively extended
crooked plane, until further notice.
3.2. Crooked halfspaces and disjointness. The complement of a
crooked plane C(p, u) ∈ E2,1 consists of two crooked halfspaces, respec-
tively corresponding to u and −u. A crooked halfspace will be de-
termined by the appropriate stem quadrant, which we introduce next.
In [2], the stem quadrant depends on the crooked halfspace, rather
than the point-vector pair determining the crooked halfspace as we do
here. But in both cases, a stem quadrant is an affine set determining
a unique crooked halfspace.
In what follows, int (X) denotes the interior of X and cl (X), the
closure of X.
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Figure 3. A crooked plane in E2,1.
Definition 3.7. Let u ∈ R2,1 be spacelike and let p ∈ E2,1. The
associated stem quadrant is :
Quad(p, u) = p+ {au− − bu+ | a, b ≥ 0}.
The stem quadrant Quad(p, u) is bounded by light rays parallel to
u− and −u+.
Definition 3.8. Let u ∈ R2,1 be spacelike and let p ∈ E2,1. The
crooked halfspaceH(p, u) is the component of the complement of C(p, u)
containing int (Quad(p, u)).
By definition, crooked halfspaces are open. While the crooked planes
C(p, u), C(p,−u) are equal, the crooked halfspacesH(p, u), H(p,−u) are
disjoint, sharing C(p, u) as a common boundary.
We will describe disjoint configurations of crooked planes by means
of allowable translations and consistent orientations. These are in fact
linear notions. In keeping with the treatment in [2], our definitions will
be cast in affine terms as well. We will choose a point o ∈ E2,1, but the
choice of o is completely arbitrary.
Definition 3.9. Let u1, u2 ∈ R2,1 be spacelike and choose o ∈ E2,1.
The vectors u1, u2 are said to be consistently oriented if cl (H(o, u1))
and cl (H(o, u2)) intersect only in o.
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The original, equivalent definition, due to Drumm-Goldman [5], re-
quires among other things that u⊥1 ∩ u⊥2 be spacelike. Such vectors are
called ultraparallel .
Next we describe the displacement vector between vertices of disjoint
crooked planes. This is called an allowable translation in [2] and earlier
papers. Here, we really want the decomposition of such an allowable
translation as a pair of vectors in the respective stem quadrants and so
we introduce a slight modification.
Definition 3.10. Let u1, u2 ∈ R2,1 be a pair of consistently oriented
spacelike vectors. Choose o ∈ E2,1 and set :
O = (Quad(o, u1)− o)× (Quad(o, u2)− o) ⊂ R2,1 × R2,1.
The set of allowable pairs for u1, u2 is :
AP (u1, u2) = {(z1, z2) ∈ O | z1−z2 ∈ int (Quad(o, u1)− Quad(o, u2))}.
Remark 3.11. In the case where u1, u2 are ultraparallel, (z1, z2) ∈
AP (u1, u2) if either z1 or z2 is parallel to an edge of the relevant stem
quadrant, but not both. Considering O as an orthant in R4, then
AP (u1, u2) corresponds to the entire polyhedron, minus all but a pair
of dimension two faces. But in the asymptotic case, where u⊥1 ∩ u⊥2 is
null, then neither z1 nor z2 can be parallel to the common edge of the
stem quadrants.
Drumm and Goldman [5] proved a criterion for disjointness of crooked
planes in terms of allowable translations. This criterion is strengthened
in [2] and we adapt the latter formulation to the language of allowable
pairs.
Theorem 3.12. [2] Let u1, u2 ∈ R2,1 be a pair of consistently oriented
spacelike vectors. Let p ∈ E2,1 and let z1, z2 ∈ R2,1 such that p + zi ∈
Quad(p, ui), for i = 1, 2. Then :
C(p+ zi, ui) ⊂ cl (H(p, ui)) .
Moreover, if (z1, z2) ∈ AP (u1, u2) then :
C(p+ z1, u1) ∩ C(p+ z2, u2) = ∅.
3.3. Crooked surfaces as conformal compactifications of crooked
planes. Recall from §2.1 that ι(E2,1) consists of the complement of
L(p∞), where p∞ = (−1 : 0 : 0 : 0 : 1).
Let u ∈ R2,1 be spacelike and let p ∈ E2,1. The crooked plane C(p, u)
admits a conformal compactification, which we denote by C(p, u)conf.
Explicitly :
C(p, u)conf = ι(C(p, u)) ∪ φ∞ ∪ ψ∞
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Figure 4. A crooked surface. The “ flat” pieces form
the stem. The stem appears to be cut in half, because of
the removal of a circle (see Remark 2.4). The remaining
two pieces are the wings.
where :
• φ∞ ⊂ L(p∞) is the photon containing (0 : u+ : 0);
• ψ∞ ⊂ L(p∞) is the photon containing (0 : u− : 0).
The pair of photons {φ∞, ψ∞} forms the “scaffolding” of the crooked
surface with another pair of photons {φp, ψp}, defined as follows :
φp = cl
(
ι
(
p+ Ru+
))
= ι
(
p+ Ru+
) ∪ {(−p · u+ : u+ : p · u+)}
ψp = cl
(
ι
(
p+ Ru−
))
= ι
(
p+ Ru−
) ∪ {(−p · u− : u− : p · u−)}
where p = p − (0, 0, 0) as in Equation (1). We observe the following
intersections :
φ∞ ∩ φp =
{(−p · u+ : u+ : p · u+)}
ψ∞ ∩ ψp =
{(−p · u− : u− : p · u−)} .
See Figure 4.
The compactification of the wing p + W(u+) is in fact a “half light-
cone”. For instance, if p = (0, 0, 0), then :
φp ⊂ L(0 : u+ : 0).
There are two connected components in L(0 : u+ : 0)\(φ∞ ∪ φp), one of
which contains the interior of ι (p+ W(u+)). The analogous statement
holds for p+ W(u−) as well.
Definition 3.13. Let o ∈ E2,1 and u ∈ R2,1 be spacelike. A crooked
surface is any element in the SO(3, 2)-orbit of C(o, u)conf.
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Remark 3.14. The conformal compactifications of negatively extended
crooked planes also lie in the SO(3, 2)-orbit of C(o, u)conf. Restricting
to the connected component of the identity of SO(3, 2), however, yields
only what one could call a “positively extended crooked surface”.
3.4. A basic example. We will describe S = C(o, u)conf, where o =
(0, 0, 0) and u = (1, 0, 0). For the remainder of the paper, set :
p0 = ι(o) = (1 : 0 : 0 : 0 : 1).
Note also that :
ι(u) = (0 : 1 : 0 : 0 : 1).
Identifying Ein3 with a quotient of S
2 × S1, consider Ein3 with the
following (non-injective) parametrization :
(cosφ : sinφ cos θ : sinφ sin θ : sin t : cos t)(2)
0 ≤ φ ≤ pi
0 ≤ θ ≤ 2pi
0 ≤ t ≤ pi
where t = 0 is glued to t = pi by the antipodal map. In our per-
muted version of the usual parametrizations of S2 and S1, the point p0
corresponds to t = φ = 0 (with θ arbitrary).
Since u± = (0,∓1, 1), the compactification of ι (u⊥) is the Einstein
torus with torus data {p0, p∞, f1, f2}, where :
f1 = (0 : 0 : 1 : 1 : 0)
f2 = (0 : 0 : −1 : 1 : 0).
This is the torus :
pi
(
(0, 1, 0, 0, 0)⊥ ∩N 3,2)
which corresponds to θ = ±pi/2 in the parametrization (2). We obtain
the stem by restricting φ to lie outside of the open interval bounded
by t and pi/2− t.
The wing o+ W(u−) projects into L(0 : 0 : 1 : 1 : 0). Compactifying
yields the half lightcone bounded by the pair of photons φ = t and
φ = pi/2 − t, containing the point (0 : −1 : 0 : 0 : 1). Its intersection
with the sphere t = t0 is a circle, with center (0 : 0 : 1 : 1 : 0) and
(spherical) radius pi/2− t0.
In the same manner, the wing o + W(u+) corresponds to the half
lightcone in L(0 : 0 : −1 : 1 : 0), bounded by the pair of photons φ = t
and φ = pi/2− t and containing the point (0 : 1 : 0 : 0 : 1).
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Alternatively, parametrize the wing o+ W(u−) as follows :
(sin s cos t : sin s sin t : cos s : cos s : − sin s)
−pi
2
≤ s ≤ pi
2
0 ≤ t ≤ 2pi.
Now photons correspond to t = constant. The wing is the half lightcone
0 ≤ t ≤ pi.
Given that all crooked surfaces are conformally equivalent to the
basic example, the following two theorems are easily verified. (See also
Figure 4.)
Theorem 3.15. A crooked surface is a surface homeomorphic to a
Klein bottle.
Proof. This is a simple cut-and-paste argument, as can be found in [1].

Theorem 3.16. A crooked surface separates Ein3.
Proof. It suffices to show this for S in the basic example.
Let Sˆ be the inverse image of S in S2 × [0, pi] ⊂ Êin3. Let us first
examine the intersection of Sˆ with S2 × {t}, for t ∈ [0, pi].
• When t = 0, this is the union of the two meridians θ = 0 and
θ = pi, each meridian belonging to a wing.
• When t = pi, we obtain the same two meridians, but they now
belong to the opposite wing.
• When t = pi/2, we obtain the union of the two meridians θ =
±pi/2.
• For all other values of t, the intersection consists of two arc
segments on θ = ±pi/2, joined by two half circles (one for each
wing).
Thus for every t ∈ [0, pi], Sˆ∩(S2×{t}) separates S2×{t}. Consequently,
since Sˆ is a connected surface (with boundary), it separates S2× [0, pi].
Furthermore, the following two subsets of S2 × [0, pi] \ Sˆ belong to the
same connected component :
{0 < θ < pi} × {t = 0}
{pi < θ < 2pi} × {t = pi}.
These two sets are mapped to each other by the antipodal map. There-
fore, Ein3 \S has two connected components as well. 
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3.5. Torus data spanning a crooked surface. A crooked surface
in Ein3 is determined by torus data, as we will now see. Set :
D = {p1, p2, f1, f2}
where, as in §2.3 :
• p1, p2 ∈ Ein3 are a pair of non-incident points ;
• f1, f2 ∈ L(p1) ∩ L(p2).
The torus data D determines two pairs of photons :
• one pair of photons φ1, φ2 belonging to L(p1);
• one pair of photons ψ1, ψ2 belonging to L(p2);
• each pair of photons φi, ψi intersects in fi.
Alternatively, φi and ψi belong to the lightcone of fi.
Here is how we may define the stem of the crooked surface. Choose
any conformal map :
κ : Ein3 \L(p2) −→ R2,1
and set :
T (p1) = {q ∈ Ein3 \L(p2) | κ(q)− κ(p1) is a timelike vector}.
(Alternatively, T (p1) is the set of endpoints of timelike geodesic paths
starting from p1, given an arbitrary choice of Lorentz metric in the
conformal class.) Observe that the definition is symmetric in the pair
{p1, p2}, so that we can write unambiguously :
T (D) = T (p1) = T (p2).
Let Ein2(D) be the Einstein torus determined by the torus data D.
The stem, denoted Stem(D), consists of the intersection :
Stem(D) = Ein2(D) ∩ T (D).
As for the wings, consider the following. The pair of photons φ1
and ψ1 bounds two half lightcones in L(f1), as does the pair φ2 and
ψ2 in L(f2). Each half lightcone intersects the common spacelike circle
in a half circle, bounded by p1 and p2. We want to choose one half
lightcone from each pair, in such a way that they intersect only in p1
and p2. In fact, there are two ways to do this. Conformally identifying
Ein3 \L(p2) with ι(R2,1) via an element of SO0(3, 2) :
• one way yields a pair of positive wings, W(D, f1) and W(D, f2);
• the other way yields a pair of negative wings.
Thus the crooked surface spanned by the torus data D is :
S (D) = Stem(D) ∪W(D, f1) ∪W(D, f2).
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Lemma 3.17. Any lightcone in Ein3 intersects both components of the
complement of a crooked surface.
Proof. Let q ∈ Ein3 and consider the crooked surface spanned by the
torus data D = {p1, p2, f1, f2}. If q, f1 are not incident, then, L(q) and
L(f1) intersect transversely, by Lemma 2.5 . The analogous statement
holds if q, f2 are not incident.
Otherwise, q lies on L(f1) ∩ L(f2), so that its lightcone shares a
photon φ with either W(D, f1) or W(D, f2); say φ = L(q) ∩W(D, f1).
In that case, any photon in L(q) that is different from φ intersects
W(D, f1) transversely. 
4. How to get disjoint crooked surfaces
We have seen how to obtain disjoint crooked planes, starting with
a pair of crooked planes sharing a vertex and “pulling them apart”
using allowable translations, or translations in their respective stem
quadrants. We will promote this idea to crooked surfaces. We will
apply the observation that the torus data spanning a crooked surface
is symmetric in the first pair of points (or even the second pair of
points). We can pull a pair of crooked surfaces apart at both points,
producing a pair of disjoint crooked surfaces.
4.1. Step one : start with an appropriate pair of crooked planes
and compactify. Let u1, u2 ∈ R2,1 be a pair of consistently oriented
spacelike vectors. To fix ideas, set o = (0, 0, 0) ∈ E2,1. The crooked
surfaces C(o, ui)conf intersect in exactly two points, namely, p0 and p∞.
Express the pair of crooked surfaces as S(Di), for i = 1, 2, where :
D1 = {p0, p∞, f1, f2}
D2 = {p0, p∞, f ′1, f ′2}
and f1, f2, f
′
1, f
′
2 are distinct points in L(p0) ∩ L(p∞).
Set :
Hi = H(o, ui)conf, i = 1, 2.
These are the components of the complement of each S(Di) that are
disjoint. Their closures intersect in exactly p0 and p∞.
Lemma 4.1. Let (z1, z2) ∈ AP (u1, u2). Then :
C(o+ zi, ui)conf ⊂ cl (Hi)
Moreover, these crooked surfaces intersect only in p∞.
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Proof. By Theorem 3.12, C(o+zi, ui) ⊂ H(o, ui) and thus its conformal
compactification remains in the closure of Hi. However, the pair of
crooked surfaces will no longer intersect in p0. 
4.2. Step two : do the same thing at infinity. Given a crooked
surface spanned by torus data {p1, p2, f1, f2}, there exists a conformal
involution of Ein3 that permutes p1 and p2, fixes f1 and f2 and leaves
the crooked surface invariant. In the case at hand, set :
ρ : (v1 : v2 : v3 : v4 : v5) 7−→ (−v1 : v2 : v3 : v4 : v5).
Then ρ(p0) = p∞; moreover, ρ pointwise fixes L(p0) ∩ L(p∞). In fact,
its fixed point set is the Einstein torus :
(0 : sin t : cos t : sin s : cos s)
0 ≤ t ≤ 2pi
0 ≤ s ≤ pi.
Since it is a conformal map, ρ maps stems and wings, respectively, to
stems and wings.
Lemma 4.2. Every crooked surface spanned by torus data {p0, p∞, ∗, ∗}
is ρ-invariant. Each of its complementary components is invariant as
well.
Proof. Conjugating by an automorphism of Ein3, it suffices to check
this for D as in §3.4. The stem is invariant, since the underlying
Einstein torus is. As for the wings, they must be invariant as well
since they intersect the fixed point set, as does each component of the
complement of the crooked surface. 
For any v ∈ R2,1, let τv be the linear automorphism of R3,2 induced by
translation in E2,1 by v. This induces an automorphism of Ein3 which
we abusively also denote by τv. In particular, ρτvρ is an automorphism
of Ein3 which fixes p0. The following is an immediate consequence of
Lemmas 4.1 and 4.2.
Corollary 4.3. Let (z1, z2) ∈ AP (u1, u2). Then ρτziρ maps C(o, ui)
conf
into cl (Hi). In particular, the resulting pair of crooked surfaces inter-
sect in p0 only.
Theorem 4.4. Let (z1, z2), (z
′
1, z
′
2) ∈ AP (u1, u2). Then the crooked
surfaces ρτz′iρ C(o+ zi, ui)
conf
are disjoint.
Proof. For i = 1, 2, both τzi and ρτz′iρ leave Hi invariant and each
removes a point of intersection between the crooked surfaces. 
Figure 5 shows a pair of disjoint crooked surfaces.
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Figure 5. A pair of disjoint crooked surfaces. Only the
wings are shown (in order to keep the picture file a decent
size). The rightmost and center objects are the wings of
one crooked surface; the left-most image is in fact a pair
of wings, for the second crooked plane.
5. Schottky groups
The procedure described in §4 can be applied to obtain any number of
pairwise disjoint crooked surfaces and more precisely, pairwise disjoint
regions bounded by crooked surfaces. In this section, we will show
that our construction yields examples closely related to the Lorentzian
Schottky groups introduced and studied by Frances in [6, 8].
Definition 5.1. We say that Γ = 〈η1, . . . , ηn〉 < SO(3, 2) admits a
crooked Schottky domain if there exist 2n pairwise disjoint crooked sur-
faces S±1 , . . . ,S±n , bounding 2n pairwise disjoint (open) regions U±1 , . . . , U±n ,
such that for each i = 1, . . . , n :
(3) ηi(U
−
i ) = Ein3 \cl
(
U+i
)
.
The previous section suggests a way of constructing such groups.
To keep the discussion as simple as possible, we will describe a cyclic
example.
Let γ ∈ SO0(2, 1) be a hyperbolic element (that is, γ has three dis-
tinct real eigenvalues). Acting by isometries on the hyperbolic plane
H2, the cyclic free group 〈γ〉 admits a fundamental domain bounded
by two disjoint lines, corresponding to a pair of crooked planes C(o, ui),
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where u1, u2 are consistently oriented. Slightly abusing notation, de-
note also by γ the element in SO(3, 2) that fixes p∞ and whose ac-
tion on ι(R2,1) is the same as the action of γ on R2,1. Now choose
(z1, z2), (z
′
1, z
′
2) ∈ AP (u1, u2). Set :
τ1 = ρτz′1ρτz1
τ2 = ρτz′2ρτz2 .
Then :
τ2γτ
−1
1 (U
−) = Ein3 \cl
(
U+
)
.
where :
U− = ρτz′1ρH(o+ z1, u1)
conf
U+ = ρτz′2ρH(o+ z2, u2)
conf
which are disjoint, by Theorem 4.4. (Observe that for v ∈ R2,1, we
have τ−1v = τ−v as expected.)
Let Γ = 〈η1, . . . , ηn〉 be a subgroup of SO(3, 2) admitting a crooked
Schottky domain, bounded by U±1 , . . . , U
±
n . We will see that the action
of Γ is very much like the usual action of a Schottky group acting on a
sphere (or the hyperbolic plane).
First, consider each cyclic subgroup 〈ηi〉. Set :
Fi = E2,1 \
(
U−i ∪ U+i
)
.
Clearly, 〈ηi〉 acts properly on the open set of all Γ-translates of Fi.
Since the U±i are pairwise disjoint, we may apply the Klein-Maskit
Combination Theorem to conclude that the free group Γ acts properly
on the following open set :
Ω =
⋃
γ∈Γ
γ(F )
where :
F =
n⋂
i=1
Fi.
Moreover, Ω/Γ is compact. Indeed, it is obtained by removing the
open sets U±1 , . . . , U
±
n from Ein3, which is compact, and then gluing
together the boundaries of each pair U±i . Therefore, Γ is a Lorentzian
Kleinian group [6, 8].
The complement of Ω also resembles the limit set of an ordinary
Schottky group. There is a one-to-one correspondence (in fact, a home-
omorphism) between the set of connected components of Ein3 \Ω and
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the limit set of Γ. An infinite word ηs1i1 η
s2
i2
. . . corresponds to the Haus-
dorff limit of the following sequence of compact sets :
(4) ηs1i1 . . . η
sn−1
in−1 cl
(
U snin
)
where si = ±1 or ±.
Remark 5.2. We make two remarks on notation which will be tacitly
assumed from now on. The first is that when we write a word in terms
of the ηj’s, the superscripts sj will always be either 1 or -1; but we
will always assume the words to be reduced, meaning that no η
sj
j is
followed by its inverse. The second is that for sets appearing in a
Schottky configuration, the superscripts will always be either + or −;
for example, if s = −, then −s = + etc.
5.1. Conformal dynamics. The group Γ is almost what Frances calls
a Lorentzian Schottky group. The only missing ingredient is a condition
on the dynamics of the generators ηi, which we now discuss. Our
presentation is admittedly terse and we refer the reader to [8] and [1]
for more details.
The semisimple Lie group SO(3, 2) admits a Cartan decomposition
SO(3, 2) = KAK, where K is a maximal compact subgroup and A is a
Cartan subgroup, which we may take as consisting of diagonal matrices
of the following form :
(5)

eλ 0 0 0 0
0 eµ 0 0 0
0 0 1 0 0
0 0 0 e−µ 0
0 0 0 0 e−λ

where λ > µ > 0.
Let {γn} be a sequence in SO(3, 2); then we may write γn = ξnαnξ′n,
where ξn, ξ
′
n ∈ K and αn ∈ A. Denote by λn, µn, the exponents appear-
ing in the first two diagonal terms of αn, as in (5). Set δn = λn − µn.
Suppose now that {γn} is a divergent sequence that tends simply to
infinity, that is, the sequences {ξn}, {ξ′n} converge in K and :
λn −→ λ∞
µn −→ µ∞
δn −→ δ∞
where λ∞, µ∞, δ∞ ∈ R ∪ {∞}. Then {γn} is said to have :
• bounded distortion if µ∞ ∈ R;
• balanced distortions if λ∞ = µ∞ =∞ and δ∞ ∈ R;
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• mixed distortions if λ∞ = µ∞ = δ∞ =∞ .
Of particular interest are groups which contain no sequences of bounded
distortion, for they act properly on 4-dimensional anti-de Sitter space,
of which Ein3 is the boundary [8].
For z ∈ Ein3, we define its dynamical set (relative to the sequence
{γn}) as follows :
D(z) =
⋃
zn→z
{ accumulation points of {γn(zn)}}.
For a set X ⊂ Ein3, we define D(X) to be the union of the dynamical
sets of its elements.
A group acts properly on a set Ω if and only if no two points in Ω
are in each other’s dynamical sets.
Sequences of bounded distortion are characterized by the existence of
two points p+, p− ∈ Ein3, respectively called the attractor and the re-
pellor, whose associated lightcones, L(p±) have the following dynamical
property. There exists a diffeomorphism µ between the set of photons
in L(p−) and L(p+), such that :
• for every z ∈ Ein3 \L(p−), D(z) = {p+};
• for every photon φ ⊂ L(p−) and every z 6= p− ∈ φ, D(z) = µ(φ);
• D(p−) = Ein3.
Roughly speaking, to obtain a set on which a sequence of bounded dis-
tortion acts properly, one must remove at least one of the two photons
φ, µ(φ), for each φ ⊂ L(p−). In contrast, sequences with balanced or
mixed distortions require the removal of only a pair of photons. In par-
ticular, Lorentzian Schottky groups, which are generated by elements
with mixed distortions, act properly on the complement of a Cantor
set of photons.
While we cannot say whether our examples must have mixed dis-
tortions, or whether they might admit balanced distortions, we can
nevertheless prove the following.
Theorem 5.3. Let Γ < SO(3, 2) admit a crooked Schottky domain.
Then Γ does not admit any sequences with bounded distortion.
Our argument is modeled on the proof of Lemma 8 in [8], which
shows that every connected component of the limit set of a Lorentzian
Schottky group consists of a single photon. (The argument does not
require that the generators of Γ have mixed dynamics.) We refer the
reader to that paper for more details.
Proof. Let η1, . . . , ηn be a set of free generators of Γ and let U
±
1 , . . . , U
±
n
be the open sets in the complement of the crooked fundamental domain.
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Suppose that {γj} ⊂ Γ is a sequence with bounded distortion. We
will denote its attractor and repellor by p+, p−, respectively and the
diffeomorphism matching photons in L(p±) by µ.
Write each γj as a reduced word in the free generators. Taking a
subsequence if necessary, we may assume that they all share the same
first and last letter, say ηa and η
s
b , respectively (assuming that the first
letter is a generator simplifies the writing, without too much loss of
generality). Therefore :
p+ ∈ U+a
p− ∈ U−sb .
Let γ∞ be the infinite word corresponding to the sequence {γj} :
γ∞ = ηaη
s1
i1
ηs2i2 . . . η
sj
in
. . . .
Denote the sequence of left-factors of γ∞ as follows :
γ(j)∞ = ηaη
s1
i1
ηs2i2 . . . η
sj
ij
.
Since {γj} is a sequence with bounded distortion, {γ(j)∞ } is also a se-
quence with bounded distortion.
Denote by K(γ∞) the connected component of Ein3 \Ω correspond-
ing to γ∞. Let U be one of the sets U±1 , . . . , U
±
n which appears infinitely
often in the sequence of elements (4). Without loss of generality, we
may assume that U 6= U−sb . (If need be, take a conjugate of the se-
quence; this will not affect the dynamics.) Then K(γ∞) equals the
limit of the sequence of sets γ
(j)
∞ (U).
Let PU be the set of photons in L(p−) which intersect U . This set is
non-empty, by Lemma 3.17, since a crooked surface bounds U . By the
characterization of a sequence with bounded distortion :
D(PU) = K(γ∞).
What this means is, the only photons belonging to K(γ∞) are those of
the form µ(φ), where φ ∈ PU .
On the other hand, there must exist a photon in L(p−) which does
not belong to PU . Otherwise, every photon in L(p+) would have to be
in the complement of Ω and therefore, L(p+) ⊂ U+a , but Lemma 3.17
forbids this.
Now we can slightly deform U and its paired open set to obtain a
new compact set U ′ which still belongs to a Schottky configuration for
Γ. (With some work, we could take U ′ to be a crooked halfspace, but
it is not necessary for the argument.) We can do this in such a way
that :
• PU ∩ PU ′ 6= ∅;
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• there exists a photon φ ∈ PU ′ such that φ /∈ PU .
However, the union of the Γ-translates of the new sets still equals Ω,
since U ′ is contained in some finite set of Γ-translates of F . Therefore,
γ
(j)
∞ (U ′) converges to a set, contained in a connected component of
Ein3 \Ω that must be different from K(γ∞), because it contains µ(φ),
yet intersects K(γ∞) since D(PU) ∩ D(PU ′) 6= ∅. This is impossible;
therefore Γ cannot contain a sequence with bounded distortion.

6. Negatively extended crooked surfaces
This last section is really a short note, which we think merits further
exploration. Recall that the conformal compactification of a negatively
extended crooked plane is in the SO(3, 2)-orbit of the basic example
from §3.4, as are all crooked surfaces, but not in its SO0(3, 2)-orbit.
Now in E2,1, a positively extended crooked plane always intersects a
negatively crooked plane. However, the situation is different in the
Einstein Universe.
Indeed, let S1 be the crooked surface of the basic example. Thus :
S1 = C(o, (1, 0, 0))conf.
Now set :
S ′1 = C−
conf
where C− is the negatively extended crooked plane with vertex o and
director (1, 0, 0). Then set :
S2 = µ
(C−)
where µ ∈ SO(3, 2) has matrix :
−5/6 1 −12 12 5/6
0 −2 107/12 −109/12 0
5/9 5/3 −20 20 13/9
0 −2 179/12 −181/12 0
1/18 5/3 −20 20 35/18
 .
It involves several calculations, but one can check that S1 and S2 are
disjoint.
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